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Periodic Solutions in Electrodynamic Tethers on Inclined Orbits
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A new kind of dynamic instability affecting electrodynamic tethers � ying in inclined orbits has been recently
investigated. After assuming a rigid tether model, a nontilted dipole model for the Earth magnetic � eld, and a
constant tether current, the system governing equations are forced by electromagnetic terms with orbital period.
The orbital inclination i and the nondimensional ratio "1 between the magnitude of the electrodynamic forces
acting on the tether and the vertical gravity gradient are the leading parameters in the model. When "1 = 0, the
system has a sole stable equilibrium position with the tether aligned with the local vertical. When "1 6=6= 0, the
governing equations have periodic solutions with orbital period because of the frequency entrainment with the
forcing terms. There is a special periodic solution that plays an important role in the analysis and that reduces
to the stable equilibrium position when "1 !! 0. Previous analysis of the nonlinear equations have been made by
using asymptotic techniques in the limit "1 !! 0. In this paper we introduce an algorithm based on the Poincaré
method of continuation of periodic orbits, which allows the extension of the analysis to values of "1 of order unity.
This algorithm also leads to other periodic solutions that cannot be uncovered by using asymptotic techniques.
Unfortunately, these other periodic solutionsexhibit a stronger unstable behavior than the � rst family of solutions,
and they are not suitable for the operation of an electrodynamic tether.

Nomenclature
Aµ = amplitude of the µ oscillation,nondimensional
A’ = amplitude of the ’ oscillation, nondimensional
a = radius of the center of mass circular orbit, km
cn = Jacobian elliptic function
emf = voltage drop between the two tether ends, V
F = vector � eld of a dynamical system
fe = electrodynamic torque factor, de� ned in Eq. (19)
I = n £ n identity matrix
Im = tether current averaged over the total length, A
I .s/ = current distribution along the tether, A
i = orbital inclination, deg
j = imaginary number
K . / = complete elliptic integral of the � rst kind
k = stability index of a periodic orbit
L = tether length, km
m = tether mass, kg
m B = mass of the endmass, kg
n1 = ionospheric plasma density, m¡3

O = center of mass; origin on the orbital frame
s = distance from the orbiter end O , m
sn = Jacobian elliptic function
T = period of an orbit, s
t = time, s
x = vector state of a dynamical system
® = ¼

p
3, appears in Eq. (27)

" = electrodynamicparameter, de� ned in Eq. (18)
"1 = electrodynamicparameter, de� ned in Eq. (1)
µ = tether in-plane angle, rad
¸ = eigenvalues of the monodromy matrix
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¹ = Earth’s gravitational constant, km3/s2

¹m = magnetic moment of the Earth’s dipole, T ¢ km3

º = true anomaly of the orbit of O , rad
ºµ = phase of the µ oscillation, nondimensional
º’ = phase of the ’ oscillation, nondimensional
º0 = initial true anomaly, rad
» = initial conditions of a orbit
¾ = free parameter of a dynamical system

and true anomaly in the unperturbed problem
’ = tether out-of-plane angle, rad
! = angular frequency of the orbit, s¡1

P. / = d. /=dº or d. /=dt

Introduction

E LECTRODYNAMIC tethers1¡4 are among the leading
applications of tethers in space transportation. Nowadays, we

witness a renewed interest in their capabilities, which is based on
their potentialutilization in present or near future missions. For ex-
ample, the main goalof thePropulsiveSEDS (ProSEDS) mission,5;6

scheduled to � y in the spring of 2003, is to check the validity of the
bare tether concept. An electrodynamic bare tether will be used in
the generator mode to produce electrodynamic drag with the pri-
mary goal of reentering a Delta-II second stage quickly from orbit.
The use of an electrodynamic tether as thruster7;8 has also been
proposed in several scenarios.

Dynamics simulations of electrodynamic tethers on circular and
inclinedorbits show a very complex motion drivenby the electrody-
namic forcesactingon theconductivetether.These forcesdependon
the current � owing in the wire, the tether characteristics—material,
diameter, and so on—the Earth magnetic � eld, the ionospheric
plasma density, the orbital velocity, and the tether orientation.They
drive the in-plane and out-of-planemotions of the tethered system.
For � exible tethers the system equilibrium positions can be unsta-
ble, as Levin9 Beletskii and Levin10 have shown (see Ref. 9 and also
Ref. 10, pp. 268–322).

However,a new kindof dynamicinstability11¡13 hasbeenrecently
pointed out for electrodynamic tethers, which is independentof the
tether � exibility.In Refs. 11 and 12 a simple model has been used to
describethedynamiceffectsof theelectrodynamicforces.The tether
is modeled as a rigid rod with point masses at the ends. The orbiter
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396 PELÁEZ AND LARA

mass is assumedvery largewith respect to the restof the system, and
the orbitaldecay is neglected.A nontilteddipolemodel for the Earth
magnetic� eld and a constanttether currentare assumed.The system
dynamicsequationsare forced by the electromagneticterms, which,
in a � rst approximation,change periodicallywith the orbital period.
The strength of the forcing terms is given by the nondimensional
parameter "1 de� ned11;12 as

"1 D 3 fe Im

m C 3m B
¢ ¹m

¹
¢ sin i (1)

When the current is null ("1 D 0), the system has one stable equilib-
rium position with the tether aligned along the local vertical. When
the current is different from zero, the governing equations have no
stationarysolutions.However, theyhaveperiodicsolutions.Because
of the well-known frequency entrainment phenomenon, typical of
this kind of forced systems (see Ref. 14, pp. 186–203), any periodic
solution has the same period, or an integer multiple, as the forcing
terms of the governing equations, that is, in this model, the orbital
period. There is a special periodic solution that reduces to the stable
equilibriumposition when "1 ! 0, which plays an important role in
the analysis.

The nonlinear analysis performed in Refs. 11 and 12 shows that,
within the limitationsof the model, this periodic solutionis unstable
for all values of the free parameters "1 and i . The physical reason
for the instability is that, in the long term, the electrodynamicforces
pump energy continually into the system. The net energy increase
per orbit for the periodic solution (or state space trajectory) is zero.
However, any nonperiodictrajectory in its neighborhoodhas a com-
plex behavior with two stages of evolution. The total energy of the
system undergoes quasi-periodic changes until it reaches a thresh-
old beyond which the energy starts to grow without bound, with a
positivenet energy � ux per orbit. Eventually,after several orbits the
in-plane libration becomes a rotation. The mechanism responsible
for this instability depends on "1 and i . Unlike other destabilizing
mechanisms found in electrodynamic tethers, this one is present in
any kind of tether system with either a � exible or a rigid tether, op-
erating in the generator or thruster mode and utilizing a bare tether
or a large spherical termination to collect the ionosphericelectrons.
Moreover, the mechanism(but not the growth rate of the instability)
is independentof the presence of additional resonant force compo-
nents that can be generated by the magnetic and plasma � elds.

InRefs. 11 and12asymptotictechniqueshavebeenused to obtain,
in the limit "1 ! 0, 1) the family of periodic solutions and 2) the
monodromy matrix of their variational equations with the moduli
of its eigenvalues,which give the stability properties of the system.
That analysis holds for small values of "1 , the parameter of the
family, but it is no longer valid when "1 is of order unity. In such a
case a different mathematical approach is required. In this paper we
describe brie� y a numeric algorithm based on the Poincaré method
of continuation of periodic orbits,15 and we use it to extend the
analysis of Refs. 11 and 12 to cases in which the parameter "1 is of
order unity.

As part of its output, the numeric algorithm gives the stability
propertiesof any periodic solution that it � nds. It also permits to use
either"1 or i as the family parameterof the periodicsolutionsas well.
This way we can describe the evolution of the stability properties
with the orbital inclinationi for any givenvalueof "1 . Apart from the
special periodic solution studied in Refs. 11 and 12, the governing
equationshave additionalperiodic solutions that cannot be detected
with asymptotictechniques.The algorithmprovidestheseadditional
periodic solutions and their stability properties.

The analysis would be extended to study other interesting situa-
tions. For example, the day–night cycle on the plasma density can
be modeled with an harmonic function with the same period of the
orbit. In the same way the intensityof the current mainly dependson
the ionosphericplasma densityn1 and the voltagedrop between the
two ends of the conductivetether generated by the Earth’s magnetic
� eld(emf). Assuming, in approximation,a constant emf, the current
exhibits a dependence(latitudinaldependence)with n1 that can be
modeledwith anharmoniccomponentat twice the orbitalfrequency.

Both cases could be analyzed introducinga time dependenceon the
parameter "1 . In the � rst case "1 D "0[1 C ± cos.!t C Ã/] and in the
second"1 D "0[1 C ± cos.2!t C Ã/]. Its effectson the stabilityprop-
ertiesof the system can be obtainedwith the same procedurewe use
here; the study is in progress, and results will be soon presented.

Numeric Algorithm
In this sectionwe present the fundamentalsof the numericalalgo-

rithm. Differential correctionalgorithmsare frequentlyused for the
numerical computation of periodic orbits of conservative dynami-
cal systems. References 16–19 or the more recent20;21 can be cited
among many others.

The algorithm used in this paper is based on the Poincaré’s con-
tinuation method of periodic solutions. A full description of the
Poincaré’s method can be found in Ref. 15. More details on the
algorithm are given in Refs. 22 and 23.

Let

Px D F.xI ¾ / (2)

be an autonomous system of n differential equations depending on
a parameter ¾ . Any solution

x D x.tI »I ¾ / (3)

of Eq. (2) is a function of the parameter ¾ and the initial conditions
» D x.0I »I ¾ /. Let us suppose that, for a given value ¾ D ¾0 of the
parameter and for the initial conditions » D »0 , a periodic solution
of system (2)

x.tI »0I ¾0/ D x.t C T0I »0I ¾0/ (4)

with period T0 > 0 is known. The Poincaré’s continuation method
deals with the problem of computing the analytic continuation of
Eq. (4) for valuesof the parameterclose to the startingvalue¾0. That
is, for ¾ D ¾0 C 1¾ new initial conditions » D »0 C 1» and period
T D T0 C 1T are required to produce a new periodic solution of
Eq. (2).

As a consequenceof the uniquenesstheoremfordifferentialequa-
tions, Eq. (4) will hold for all t as it does for a value t0 , say, t0 D 0.
Therefore, the new solution shall verify the periodicity condition

x.T I »I ¾ / ¡ » D 0 (5)

where the existence of the implicit functions » is directly related to
the nonvanishingof the Jacobian determinat of the left-hand side of
Eq. (5).With regards to this Jacobian,therearedifferentpossibilities
that depend on the existence of integrals of Eq. (2). The interested
reader is referred to Ref. 15.

Rewriting Eq. (5) as

x.T0 C 1T I »0 C 1»I ¾0 C 1¾ / ¡ .»0 C 1»/ D 0 (6)

and expanding it around .T0I »0I ¾0/ to the � rst order, it yields the
linear system

.r» x ¡ I/ ¢ 1» C F.xI ¾0/ 1T C @x
@¾

1¾ D ¡.x ¡ »0/ (7)

that must be computed at .T0I »0I ¾0/ and where I is the n £ n iden-
tity matrix.

Equation (7) provides the basic scheme for implementing the
Poincaré’s continuationmethod. For a periodic solution of Eq. (2),
the right-hand side of Eq. (7) vanishes because of Eq. (4), and the
linear system

.r» x ¡ I/ ¢ 1»

1¾
C F.xI ¾0/

1T

1¾
D ¡ @x

@¾
(8)

at .T0I »0I ¾0/ can be used to compute the initial conditions
»1 D »0 C 1» and period T1 D T0 C 1 T of thenew periodicsolution
ofEq. (2) correspondingto thevalue¾1 D ¾0 C 1¾ of the parameter.
Equations(8) are a tangentprediction,and, usually, they yield a new
solution that is not exactly periodic, that is, x.T1I »1I ¾1/ ¡ »1 6D 0.
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In such a case new corrections 1»1 and 1 T1 should be computed
in order to satisfy the periodicity condition

x.T1 C 1T1I »1 C 1»1I ¾1/ ¡ .»1 C 1»1/ D 0 (9)

Equations (9) are formally equal to Eq. (6)—now with 1¾ ´ 0—so
we can use again Eq. (7) to obtain the corrections. Then, iterative
corrections could be in order from

.r» x ¡ I/ ¢ 1»i C F.xI ¾1/ 1Ti D ¡.x ¡ »i / (10)

evaluatedat .Ti I »i I ¾1/. However, now the right-handside no longer
vanishes.

The partial derivatives of x with respect to the initial conditions
» are computed from the homogeneous variational system

r» Px D .rx F/ ¢ .r» x/ (11)

starting from the initial conditions

.r» x/t D 0 D I (12)

that follows from x.0I »I ¾/ D ». Analogously, the partial derivative
@x=@¾ is a particular solution of the variational equations

d

dt

³
@x
@¾

´
D .rx F/ ¢

@x
@¾

C
@F
@¾

(13)

starting from the initial conditions:

³
@x
@¾

´

t D 0

D 0 (14)

Equations (8) and (10) provide a predictor–corrector scheme for
computing the analyticcontinuationof Eq. (4). They turn out to be a
linearsystemsofn equationsin n C 1 unknownsboth.To solvethem,
one possibility is to look for new periodic orbits of the family with
the sameperiod(1T D 0).However, thesenewperiodicsolutionsdo
not exist in general. The normal procedure is to � x one of the initial
conditions and vary the period.24 In fact, a tangent displacement is
a translation along the initial solution, which does not provide new
periodic solutions. This situation can be avoided by constraining
the variationof the initial conditionsto lie on a (n ¡ 1)-dimensional
manifold,usuallyan hyperplane,which is not tangentto the solution
at »0.

The precedingalgorithmhas been successfullyapplied in Ref. 25.
The algorithm is completely analytic, and it does not rely upon
possible symmetries of the dynamical system.

Finally,note thattheprocedureis directlyapplicableto anynonau-
tonomous system

Px D F.tI xI ¾/ (15)

when F depends on the independent variable t through periodic
functions. The Poincaré method of continuation of periodic orbits
was used by Poincaré himself in this kind of cases (see Ref. 15,
p. 145).

When F depends on time, Eq. (15) could be transformed into an
autonomoussystem at the cost of increasingthe orderby one unit. In
the general case, this does not yield any advantage in the search for
periodic solutions. However, when the right-hand side F.tI xI ¾ / is
periodic in t , it is possible to de� ne a surface 6, which is a global
cross section for the � ow of the augmented system, and to establish
a Poincaré map in 6 with the same period as F.tI xI ¾ /. The � xed
points of such a map correspond to the periodic solutions of the
governing equations. The Poincaré method rests on this map, and
this is, in essence, the reason for why the algorithm also works in
those cases (more details can be found in Ref. 26, pp. 25 and 26).

In those cases the right-hand side F and the periodic solution
have the same period. This is exactly the case we deal with in this

paper [see Eqs. (16) and (17)]. Therefore,1T ´ 0, and the predictor
simpli� es to

.r» x ¡ I/ ¢ 1»

1¾
D ¡ @x

@¾

and the corrector is

.r» x ¡ I/ ¢ 1»i D ¡.x ¡ »i /

Tether Governing Equations
We use the dynamics model described in Refs. 11 and 12. The

orbital frame Oxyz has the origin placed at the orbiter, the Ox
axis is along the local vertical pointing to the zenith, the Oz axis
is directed along the velocity vector, and the Oy axis normal to the
orbital plane. The position of the rigid tether in the frame Oxyz
is determined by the angles ’, between the tether and the orbital
plane, and µ , between the tether projection onto the orbital plane
and the Ox axis. The time evolution of both angles is governed by
the equations
Rµ ¡ 2.1 C Pµ/ P’ tan ’ C 3

2
sin 2µ D ¡" sin i

£ [tan ’.2 sin º cosµ ¡ cosº sin µ / C cot i ] (16)

R’ C sin ’ cos ’[.1 C Pµ /2 C 3 cos2 µ ] D " sin i

£ .2 sin º sin µ C cos º cos µ/ (17)

where a dot means derivative with respect to the true anomaly º,
measured from the line of nodes (º D º0 C !t). The tether current is
on at the initial time (t D 0). Instead of the parameter "1 of Refs. 11
and 12, which is appropriate for the asymptotic analysis, we use
a new parameter ", which decouples the effects of the inclination
and the electrodynamic forces. Both parameters are related by the
equation

"1 D " ¢ sin i , " D
3 fe Im

m C 3m B
¢

¹m

¹
(18)

As a consequence, the dependence of the system dynamics on the
orbital inclinationbecomes clearer.The numeric factor fe permits a
convenientformulation of the electrodynamictorques acting on the
system that is valid for a generic distribution of the current along
the tether. The current and fe are given by the formulas

Im D 1
L

Z L

0

I .s/ ds; fe Im L2 D
Z L

0

s I .s/ ds (19)

Note that fe D 1
2 for a uniform current in the wire. For the generator

mode Im > 0, and for the thruster mode Im < 0.
When the tether current is null, Eqs. (16) and (17) become

Rµ ¡ 2.1 C Pµ/ P’ tan ’ C 3
2 sin 2µ D 0 (20)

R’ C sin ’ cos ’[.1 C Pµ /2 C 3 cos2 µ ] D 0 (21)

These equations describe the dynamics of the unperturbed system.
To obtain the time evolution of the system, Eqs. (16) and (17) [or

Eqs. (20) and (21)] must be integrated from given initial conditions
at

º D º0 : µ D µ0; ’ D ’0; Pµ D Pµ0; P’ D P’0 (22)

The interested reader will � nd more details about this approach in
Refs. 11 and 12.

Periodic Solutions
When " D 0, that is, when there is no current in the tether, the sys-

tem is Hamiltonian,and Eqs. (20) and (21) showseveralequilibrium
positions:

1) µ D 0, ’ D 0: The tether is aligned along the local vertical
pointing to the zenith.

2) µ D ¼ , ’ D 0: The tether is aligned along the local vertical
pointing to the nadir.
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3) µ D §¼=2, ’ D 0: The tether lies on the tangent to the orbit.
4) ’ D §¼=2 and µ arbitrary: The tether is normal to the orbital

plane.
The equilibrium positions 3) and 4) are unstable, whereas 1) and

2) are stable. From the point of view of the operation of an elec-
trodynamic tether, the positions 3) and 4) have an additional, and
important, drawback: the current collected in the wire is very small
because the voltage drop across the tether, emf, generated by the
Earth magnetic � eld is very small. For this reason we begin our
study consideringthe stable equilibriumpositions1) and 2). In fact,
we only study the equilibrium position 1) because the analysis of
the position 2) can be obtained from the analysis of 1) by replacing
µ for µ C ¼ and " for ¡".

The 2¼ -periodic solutions of the unperturbed system [Eqs. (20)
and (21)] are important. Notice that any periodic solution of the
perturbed system (16) and (17) should have the same period (or
an integer multiple) as the forcing terms appearing in these equa-
tions. Let us assume that we know a periodic solution µ.º/, ’.º/
of Eqs. (16) and (17) with period T ; for such a solution the left-
hand side of those equations are periodic functions of period T .
However, in the right-hand side you will � nd periodic terms with
period T mixed with periodic terms of period 2¼ . In general, the
resulting functionis not periodic,and the equationsdo not ful� ll un-
less T would be an integer multiple of 2¼ . This is the well-known
frequency entrainment phenomenon typical of this kind of forced
systems.14

We did not � nd periodic solutions with period 4¼ , 6¼ , thus, the
perturbed system—Eqs. (16) and (17)—only has periodic solutions
with the orbital period, which is 2¼ in terms of the nondimensional
variables. So, when " ! 0, any 2¼ -periodic solution of Eqs. (16)
and (17) approachesa 2¼ -periodic solution of the unperturbedsys-
tem, that is, of Eqs. (20) and (21). In summary, all of the periodic
solutions of the unperturbed system with period different from 2¼
will disappear in the perturbed system. On the contrary, each 2¼ -
periodic solution of the unperturbed system (" D 0) will give place
to a family of 2¼ -periodic solutions of the perturbed system for
increasing values of ".

The equilibriumposition1) is a good example. It is a steady solu-
tion of the unperturbed system, and as such, it could be considered
periodic with an arbitrary period. If we consider it as a 2¼ -periodic
solution, then, for increasing values of ", it gives place to a spe-
cial family of 2¼ -periodic solutions of the perturbed system, which
has been studied in Refs. 11 and 12 using asymptotic techniques
[Eqs. (16) of Ref. (12)]. However, apart from this special family
there are additional 2¼ -periodic solutions of the perturbed system
as we will show later on in the paper.

Basic Periodic Solution
By using asymptotic techniques, in the limit "1 ! 0 the nonlin-

ear Eqs. (16) and (17) have been analyzed in Refs. 11 and 12 to
obtain 1) a special family of 2¼ -periodic solutions, which reduces
to the equilibrium position 1) when " D 0, and 2) their monodromy
matrix and the moduli of its eigenvalues ¸, which give the stability
propertiesof the 2¼ -periodic solutions.The procedureused in those
papers consists of four stages:

1) First of all, Eqs. (16) and (17) are rewritten in the form

Px D F.x; º; "1; i/ (23)

2) A 2¼ -periodic solution xp of these equations is obtained as an
asymptotic expansion in powers of the parameter "1

xp.º; "1; i/ ¼ x0 C "1x1 C "2
1x2 C ¢ ¢ ¢ (24)

3) Perturbing the periodic solution x D xp C ´ , the variational
equations of the system (23) are set out:

Ṕ D A.º; "1; i/´ (25)

Here, A is a square matrix of size 4 with periodic coef� cients. (It
depends on º through the periodic solution xp .) The long-term be-
havior of this linear system is given by the monodromy matrix M

associated to the principal matrix of the system (a fundamentalma-
trix 8.º/, which reduces to the unit matrix I when º D 0, that is,
8.0/ D I ). In fact, M D 8.2¼/. For the sake of brevity, we refer
to this matrix M as the monodromy matrix of the periodic solution
xp involved in the analysis because their eigenvaluesdetermine the
stability properties of xp .

4) Using the periodic solution (24), an asymptotic solution of
the variational equations (25) is obtained. From such a solution the
monodromy matrix M , and its eigenvalues, can be calculated as
asymptotic expansions in powers of "1

M D M0 C "1 M1 C "2
1 M2 C ¢ ¢ ¢

¸ D ¸0 C "1¸1 C "2
1¸2 C ¢ ¢ ¢

This procedureleads to the followingexpressionsof the eigenvalues
of the monodromy matrix:

¸1;2 D 1 C .¼=9/ cot i"3
1 § j .¼=6/ cot2 i"2

1 C O
¡
"4

1

¢
(26)

¸3;4 D e§2® j
£
1 ¨

¡
¼

p
3=18

¢
.1 C 4 cot2 i/ j "2

1

¡ .¼=9/ cot i "3
1 C O

¡
"4

1

¢¤
; ® D ¼

p
3 (27)

j¸1;2j D 1 C .¼=9/ cot i "3
1 C O

¡
"4

1

¢
(28)

j ¸3;4j D 1 ¡ .¼=9/ cot i "3
1 C O

¡
"4

1

¢
(29)

taken from Refs. 11 and 12, where j represents the imaginary num-
ber.

Propagation in the Parameter "

We use thenumericalgorithmjustpresentedto obtainnumerically
the exact initial conditions leading to this special family of 2¼ -
periodicsolutionsand to study their stability.Because the governing
Eqs. (16) and (17) have two free parameters " and i , one of them
should be � xed; in this section we � x the inclination i and take
" as the parameter that will be changed. (Here " plays the role of
the parameter ¾ in the preceding section, where we described the
algorithm.)

To start the procedure, we have to know a particular periodic
solution, that is, the periodic solutioncorrespondingto a givenvalue
"a of the parameter that de� nes the sought-for family. Because we
know the asymptotic solution (24) (given in Refs. 11 and 12 up to
order "5), we select a small value of " as startingpoint, for example,
"a D 0:01, and we use the asymptotic solution (24) to initialize the
algorithm.

Then, we increase slightly the value of the parameter up to
"b D "a C 1". The numeric algorithmprovides the initial conditions
of the 2¼ -periodic solution corresponding to this new value "b and
the stability properties of the 2¼ -periodic solutioncorrespondingto
the old value "a (in fact, the eigenvalues of the monodromy matrix
associated with that periodic solution). Taking this new value "b as
new starting point and repeating the procedure, we close the loop.
Thus, the algorithmprovides the family of periodic solutions for in-
creasing (1" > 0), or decreasing (1" < 0), values of the parameter.

The algorithm exhibits an interesting property: it improves dra-
matically the quality of the solution, that is, if the periodicityof the
starting solution"a is not good, it produces a new solution"b whose
periodicity is much better.

The results of the propagationcarried out in this section are sum-
marized in Figs. 1 and 2. Figure 1b shows the periodic solutions
found numerically for i D 25 deg and several values of ", which cor-
respond to "1 D 0:2; 0:3; 0:5; 0:7; 0:8, and 0:825. Figure 1a shows
the periodic solutions given by the asymptotic analysis in the same
cases. For the lowest values of ", the asymptotic and numeric solu-
tions show a close agreement, but when " increases the differences
become signi� cant, as should be expected.Note that the asymptotic
solution overestimates the µ oscillation and underestimates the ’
oscillation. The selected value i D 25 deg has not a special mean-
ing, that is, the same qualitative behavior is obtained for any other
value of i .
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a)

b)

Fig. 1 Periodic solutions given by the a) asymptotic and the b) nu-
meric analysis for i = 25 deg and different values of ": 0.47324, 0.70986,
1.18310, 1.65634, 1.89296, and 1.95212.

In principle, the monodromy matrix of any of these 2¼ -periodic
solutions has four eigenvalues grouped in two pairs of complex
conjugatenumbers.Figure 2 shows theeigenvaluesand their moduli
as functions of ", for two inclinations i D 25 and 45 deg. In our
calculationsmany other inclinationshavebeen explored,but in these
othercaseswe obtainedthe samequalitativebehavior;for this reason
we selected these values, i D 25 and 45 deg, as characteristicsof the
process that we analyze here. The asymptotic expressions for the
eigenvalues [Eqs. (26) and (27)] and the moduli [Eqs. (28) and
(29)] rewritten in terms of " are depicted, as well. Figure 2 shows
the excellentbehavior of the asymptotic expansionseven for values
of " close to unity.

From this analysis some important features should be stressed.
First of all, small variations of the modulus of any eigenvalue
could give rise to a faster growth of the instability. Thus, if ¸
changes to ¸.1 C ±/, after n orbits any small initial deviation
from the exact periodic solution becomes roughly multiplied by
¸n.1 C ±/n ’ ¸n.1 C n±/, which might be much larger than ¸n .
Moreover, if ¸ D 2, for example, after n D 16 orbits [»1 day in
low Earth orbit], ¸n ’ 65,536, which is indeed a large number. The
eigenvalues ¸3;4 hardly change with the variation of " and i . How-
ever, the eigenvalues ¸1;2 show signi� cant growth for increasing
values of the inclination i . Note also, in Fig. 2 the differences be-
tween the scalesof theseeigenvaluesin both cases i D 25and 45 deg.
As a consequence,when " is of order unity the instability becomes
signi� cant for values of the inclination i , which are not very high.

Figure 2 shows, for i D 25 deg, a special value of ", close to
1.5, for which the moduli of all eigenvalues become equal to one.
All of them are imaginary, and so there is no bifurcation to a new
periodic orbit. This qualitative behavior appears in our calculation,
approximately, when 12 deg< i < 30 deg, and disappears outside

that interval (for example, such a special value does not appears
for i D 45 deg). The system exhibits a neutral stability then, but
the analysis is not conclusive in this case. In effect, it would be
necessary to retain nonlinear terms in the variational equations to
elucidate the stable or unstable character of the periodic solution.
However, the correct analysis is not worth, of the effort because the
situation we are speaking about is somewhat similar to “the calm
before the storm.” Shortly after, the complex conjugate eigenvalues
¸1;2 split into two real numbers when " reaches a critical value "¤,
which is a functionof i (which is close to "¤ ’ 1:54 when i D 25 deg
in Fig. 2), and the modulus of one of the eigenvalues ¸1;2 increases
steeply. Thus, for " > "¤ the instability is strong. The critical value
"¤ is a function of the inclination i , which should be numerically
calculated.

Figure 3 depictsthe function"¤ D f .i/ obtainedfrom the analysis
of about 90 different cases. In general, the transition value "¤ is rel-
atively large (>1.4), except for high inclinations.When i ¸ 54 deg,
the critical value decreases quickly. For values of i smaller than
’34 deg, the curve can be � tted by Eq. (30), which was obtained
by means of the least-square method and where the inclination i is
in degrees. For i ¸ 54 deg the � tting expression is Eq. (31).

"¤ ’ 1:40852 C 10¡3 ¢ i ¢ .1:76703 C i ¢ 0:138841/ (30)

"¤ ’ 26:1 ¡ 0:968 ¢ i C 0:0124 ¢ i 2 ¡ 5:37 ¢ 10¡5 ¢ i 3 (31)

Roughlyspeaking,in the lower regionof the plane ."; i/ the insta-
bility is weak, and there is a chance to control the tether oscillations
by using some damping device. But, when the transition value "¤ is
crossed the control becomes much more dif� cult.

When " < "¤, the modulus of one pair of complex conjugate
eigenvalues is always lower than unity. Therefore, the periodic so-
lution has a three-dimensional stable manifold in the state space
.µ; ’; Pµ; P’; º/. The other eigenvalues have moduli greater than
unity, that is, there is also a three-dimensional unstable manifold
that crosses the stable manifold at the periodic solution. Therefore,
the destabilization mechanism is the same as the one proposed in
Ref. 12.

However, when " > "¤ a qualitative—and quantitative—change
takes place in the destabilization mechanism. One of the eigenval-
ues shows a very signi� cant growth, and, dependingon " and i , one
or two additional eigenvalues have moduli greater than unity. As a
consequence, the stable manifold shrinks, and for some combina-
tions of i and " it does disappear (then, the unstable manifold � lls
the whole state space).

In the propagation process of this family, the parameter " is
bounded, and it increases from zero up to a � nal value, namely,
" f . For i D 25 deg the value of " f is, in approximation, " f ’ 1:96.
Beyond this value the family disappears.A transitionof the periodic
solution from libration to rotation takes place. Figure 1b shows that
close to " f a small increment of " causes a signi� cant decrease of
the “minimum” value of µ .

Propagation in the Parameter i
For a given value of ", the numeric algorithmpermits the descrip-

tion of the stability properties of the basic periodic solutions after
assuming the inclination i as the parameter of the family. To do this,
we � x the value of ", and, starting from i D 0 with the asymptotic
solution, we propagate the family for increasing values of i . The
main results of this analysis are summarized in Figs. 4–6.

Figure 4 shows the moduli of the eigenvaluesof the monodromy
matrix of the basic periodic solution vs i for different values of
" : 0.2, 0.5, 1.0, and 1.5. First of all, note that the asymptotic
expressions given by Eqs. (28) and (29)—dark dashed lines in
� gure—exhibit a very good behavior even for values of " close
to 1, except for high values of the inclination i . In effect, for a
given value of " and by starting from i D 0 deg, the numerical and
asymptotic results agree very well, until they reach a critical value
of i where both solutions begin to separate. Let i¤ be such a critical
value that belongsto the curve shown in Fig. 3. For this criticalvalue
the complex eigenvalues ¸1;2 split in two real roots, one of which



400 PELÁEZ AND LARA

Fig. 2 Eigenvalues of the monodromy matrix vs " for i = 25 and 45 deg.

grows quicklywith i (and the numerical results show a strong insta-
bility).Note that the differenceis very important for " of orderunity.
As a consequence,the use of electrodynamictether on high inclina-
tion orbits requires bigger end masses, at � rst glance, so as to avoid
high values of ". However, this point should be analyzed in more
detail because the effectiveness of a vertical electrodynamic tether
is small at high inclination orbits, because of the fall of the voltage
drop emf produced by the Earth’s magnetic � eld (see Ref. 27).

A closer look shows some interesting features of the family F
of periodic solutions under analysis. After crossing i¤, several bi-
furcations take place, which change the qualitative behavior of the
system. Figure 5 shows, for " D 0:2 and 0:5, a zoom of Fig. 4 after
crossing i¤. For a value of i slightly greater than i¤, one eigenvalue
becomes exactly equal to 1, and a new family F 0 of periodic so-
lutions appears. The eigenvalues ¸3;4 of the bifurcated family F 0

coincide with the eigenvalues ¸3;4 of the original family F , and
both agree with the asymptotic solution. However, the eigenvalues
¸1;2 of the bifurcated family F 0 are different from the eigenvalues
¸1;2 of the original family F , although they are real as well. After

anotherslight increaseof i , the two real eigenvalues¸1;2 of the bifur-
cated family F 0 become complex again, and, from this point on, the
asymptotic solution correctly describes all of the eigenvaluesof the
bifurcatedfamily F 0. For the original family F the asymptotic solu-
tion correctlydescribes the eigenvalues¸3;4 , but not the eigenvalues
¸1;2 , which separate clearly from the asymptotic values.

When the value of " increases, the asymptotic solution worsens,
and the situation becomes more involved. Figure 4 shows the sit-
uation for " D 1:0. For this value the bifurcated family F 0, which
appearsfor inclinationsgreater than ’58 deg, separatesclearly from
the asymptotic solution, which is only valid for small values of the
inclination i . For " D 1:5 the asymptotic solution does not describe
correctly the behavior of the system even for small values of i . The
system response is much more involved, and there are additional
bifurcations that appear for small values of i (’14 and ’19 deg)
associated with an eigenvalue that also becomes exactly equal to 1.
These new bifurcations give rise to new families of periodic orbits
that will be studied in the next section. Figure 6 shows two peri-
odic orbits of the original family F (solid line) and the bifurcated
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family F 0 (dashed line), which have been obtained for " D 1:0 and
i D 66 deg (Fig. 6a) and for " D 1:5 and i D 59 deg (Fig. 6b). The
orbitsof F (solid lines) are much more unstablethan the orbit of F 0.

For larger values of ", the numeric algorithm experiences dif� -
culties in this attempt to localize periodic solutions.

Finally, we note that the analysis has been focused in a tether
working in the generatorregime.However,we can take advantageof
some invariancepropertiesof the governingequations(16) and (17)

Fig. 3 Critical value "¤ vs i (deg).

Fig. 4 Moduli of the eigenvalues of the monodromy matrix vs i (deg) for different values of ".

Fig. 5 Original F and bifurcated F 0 families of periodic orbits.

to include also the case of a tether working in the thruster mode. In
effect, if we introduce the following transformation

i ! ¼ ¡ i; µ ! µ; ’ ! ¡’; " ! ¡"

the relevant equations do not change. Transforming appropriately
the initial conditions,we can describe the behaviorof the system for
negatives values of ", that is, for the case of a tether working in the
thruster mode. Thus, the preceding analysis can be applied to both
cases.

Other Periodic Solutions
Apart from the special 2¼ -periodic solution just analyzed, there

are more periodic solutions of the governing equations that we will
obtain in this section.

For the unperturbed system the equations governing the small
motions around the stable equilibrium (1) can be obtained from
Eqs. (20) and (21) through a linearizationprocess. They are

Rµ C 3µ D 0 (32)

R’ C 4’ D 0 (33)

and their general solution takes the form:
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a)

b)

Fig. 6 Orbits of the original family F, ——, and the bifurcated family
F 0 , – – – , a) for " = 1.0 and i = 66 deg and b) for " = 1.5 and i = 59 deg.

µ D Aµ cos
¡p

3 º C ºµ

¢
; ’ D A’ cos.2 º C º’/

where the amplitudes Aµ , A’ and the phases ºµ , º’ are arbitrary
integration constants. In general, and because of the irrational ratio
2=

p
3 between the natural frequencies, the motion will be quasi-

periodic but not periodic. However, there are periodic motions as-
sociated with the particular solutions:

’ D 0; µ D Aµ cos
¡p

3 º C ºµ

¢
(34)

’ D A’ cos.2 º C º’/; µ D 0 (35)

Oscillation in µ

In the neighborhoodof the equilibrium(1), the eigenvaluesof the
Hamiltoniansystemassociatedwith Eqs. (20) and (21)are conjugate
complex numbers that take the values

¡ j2; ¡ j
p

3; C j
p

3; C j2

Because the ratio 2=
p

3 is irrational, the theory of Hamiltonian sys-
tem (see Ref. 15, Section 16: An Existence Theorem) states that a
family of periodicsolutionsof the unperturbedsystem (20) and (21)
exists with the following properties: 1) the family depends on one
parameter that can be chosen as the amplitude of the oscillation Aµ ;

2) the period of the solution depends on the parameter T D T .Aµ /,
and when Aµ ! 0 the period approaches T .0/ D 2¼=

p
3; 3) for in-

creasing values of Aµ , the period T .Aµ / increases; and 4) for small
values of Aµ , the family can be approximated by Eqs. (34).

However, for increasingvalues of Aµ the accuracyof the approx-
imate solution (34) decreases. In this case we have to solve the
nonlinear equations (20) and (21). Because ’.º/ ´ 0, they reduce
to the following equation:

Rµ C 3 sin µ cosµ D 0 (36)

which has the energy � rst integral:

Pµ 2 C 3 sin2 µ D 3 sin2 Aµ

where the amplitude Aµ is determined by the initial conditions.
Because we are looking for periodic solutions,we shift the origin of
º by taking ¾ D º ¡ º1 as the new independent variable. The phase
lag º1 is given by the condition: µ.¾ D 0/ D 0. Thus, the nonlinear
equation (36) will be integrated from the initial conditions at

¾ D 0 : µ D 0; Pµ D
p

3 sin Aµ

A new integration provides the classical solution

sin µ D sin Aµ sn
¡p

3¾; sin Aµ

¢
(37)

where sn.
p

3¾; sin Aµ / is the Jacobian elliptic function with mod-
ulus sin2 Aµ . The function sn.u; sin Aµ / is periodic in u. Its period
is 4K .Aµ /, where K .Aµ / is the complete elliptic integral of the � rst
kind:

K .Aµ / D
Z

¼=2

0

dzp
1 ¡ sin2 Aµ sin2 z

K .Aµ / is a monotonously increasing function. It starts at
K .0/ D ¼=2, and it goes to 1 for Aµ ! ¼=2. Thus, for a certain
value of Aµ , namely, A¤

µ , the oscillation in µ is 2¼ periodic in ¾
(and also in the true anomaly). The condition determining A¤

µ is

2¼
p

3 D 4K
¡
A¤

µ

¢
) sin A¤

µ ’ 0:9623 ) A¤
µ ’ 74:217 deg

Therefore, the 2¼ -periodic solution found, which corresponds to a
libration in the coordinate µ , is

µ D arcsin
£

sin A¤
µ sn

¡p
3¾; sin A¤

µ

¢¤
(38)

Pµ D
p

3 sin A¤
µ cn

¡p
3¾; sin A¤

µ

¢
(39)

’ D P’ D 0 (40)

where cn.
p

3¾; sin A¤
µ / is the correspondingJacobian elliptic func-

tion. Figure 7 shows this periodic solution in the phase plane .µ; Pµ ).
The unperturbedproblemis autonomous,but the perturbedone is

nonautonomous.The periodicsolution(38)and (40)can be obtained
with many different initial conditions in the variable º, all of them
belonging to the solution (38) and (40). To study the perturbed
problem, we must add one more equation in order to obtain an
autonomous system, that is, to increase by one the order of the
system. In this case the solution (38) and (40) embraces no one
but a family of different 2¼ -periodic solutions in the extended state
space. The parameter of such a family is ¾ . Each one of these 2¼ -
periodic solutions will give rise, after perturbing the parameters "
and/or i , to a new family of 2¼ -periodic solutions. Thus, arising
from the solution (38) and (40) in the perturbed problem there is
a family of 2¼ -periodic solutions with three free parameters: ¾ , ",
and i .
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Fig. 7 Oscillation in µ.

Fig. 8 Oscillation in ’.

Oscillation in ’

We will refer again to the existence theorem of Ref. 15 to show
that there is another family of periodic solutions of the unperturbed
problem associated with the out-of-planeoscillation (35). Now, the
parameter of the family is the amplitude A’ , and the period of the
solutions T .A’/ reaches its minimum value T .0/ D ¼ at the equi-
librium position.For small values of A’ , the solutions of the family
can be approximated by Eq. (35). For increasing values of A’ , the
accuracy of that approximate solution decreases, and we need to
take into account nonlinear terms. Introducing the incipient effects
of the nonlinear terms, Eqs. (20) and (21) become

Rµ C 3µ ¡ 2’ P’ D 0; R’ C 4’ C 2’ Pµ D 0

However, if the effectsof the nonlineartermsare small theamplitude
of the µ oscillation is very small compared with the amplitude of
the ’ oscillation.Thus, we can simplify the preceding equations by
using the approximation µ ¿ ’; Pµ ¿ P’ to obtain the equations

Rµ C 3µ ¡ 2’ P’ D 0 (41)

R’ C 4’ D 0 (42)

which can be easily integratedto get the followingperiodicsolution:

µ D
¡
2A2

’

¯
13

¢
sin 4¾; ’ D A’ cos 2¾ (43)

where the independent variable has been appropriately shifted.
Figure8 shows theperiodicsolutionsofEqs. (43) for some (small)

values of A’ . These solutionshave also been numericallycomputed
starting from small values of A’ , and using the numeric algorithm
we obtain the initial conditions (¾ D 0), which lead to the solutions
(43). Figure 2 also shows the periodic solutions obtained numer-
ically, which, however, they cannot be distinguished from the ap-
proximated solutions (43).

Fig. 9 Numeric limit.

This periodicsolutionhas a constantperiod for small valuesof A’

[see Eqs. (43)]. The period increases with A’ , and it becomes equal
to 2¼ for a critical value of A’ . However, before reaching the 2¼
period the oscillation,which up to this point is a libration,undergoes
an important change: turns into a rotation. In effect, the numerical
propagationof the family gives Tmax ’ 4:966 as the maximum value
reached for the period. Figure 9 shows the periodic orbit for this
limiting value. For this orbit the maximum value of ’ is very close
to ¼=2, and any further increase of A’ causes the angle ’ to reach
¼=2 somewhere along the orbit (that is, solution). The orbit, then,
degenerates into a singular point of equations (20) and (21). The
numerical continuation of the orbit beyond the singular point it is
not possible through the angles µ and ’. In this case it would be
necessary to use other generalized coordinates (for example the
Euler parameters).

However, for the operation of an electrodynamic tether the 2¼ -
periodic orbit, obtained by propagating the family up to T D 2¼ ,
is of little interest. In fact, during a signi� cant fraction of the or-
bital period the tether would be normal to the orbital plane, and
its performances as electron collector would be very poor. This is
the reason why we do not study the 2¼ -periodic orbits of the per-
turbed problem, which arise from this particular 2¼ -periodic orbit
for increasing values of ".

Richness of the Unperturbed Problem
Because Eqs. (20) and (21) are strongly nonlinear, the unper-

turbed problem cannot be integrated analytically. Apart from the
2¼ -periodic solutions already considered, there are many more so-
lutions with many different periods depending on the initial con-
ditions. Most of them arise at classical bifurcations appearing in
the families of periodic orbits. Some of them have periods that are
multiple of ¼ , that is, n¼ , n 2 Z.

Consider, for example, the oscillationin µ given by Eq. (37). The
four order monodromy matrix of this periodic orbit is symplectic.
If ¸ is one of its eigenvalues, then 1=¸ is also an eigenvalue. Be-
cause the unperturbed problem is autonomous, the periodic orbit
has the eigenvalue ¸ D 1 with multiplicity equal to two. The other
two eigenvalues give the stability properties of the orbit, and they
are usually summarized in the stability index k D ¸1 C ¸2 . The so-
lution (37) embraces a family of periodic solutions.The family can
be obtained with the help of the numeric algorithm we use in the
paper, starting from the solution (34) and propagatingover the total
energy of the system (or the period). Figure 10 shows the stability
index k vs the period P for the orbits of this family described by
Eq. (37). Notice that k D 2 and ¡2 correspond to bifurcationpoints
of the periodic orbit. In the boundary k D 2 the periodic orbit be-
comes unstable. When k D ¡2 is reached, there is a new periodic
orbit with two-fold period, that is, we have a � ip bifurcation. Fig-
ure 10 shows that this new 2P-periodic solution appears before the
period of the family (37) reaches the value 2¼ [solution (38 and
40)].
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Fig. 10 Stability index k vs period P.

Fig. 11 Poincaré section µ– _µ (’ = 0, _’ >> 0) for a total energy of " = 1.38906 in the orbital frame.

Note, moreover, that when the period P reaches the value 2¼
the stability index k takes the value k ’ ¡2:327518, that is, it is
lower than ¡2. In fact, its nontrivial eigenvalues are ¸1 ’ ¡1:7590
and ¸2 ’ ¡0:56849. Therefore, the periodic orbit (38) and (40) is
unstable. As a consequence, the family of 2¼ -periodic solutions
arising from Eqs. (38) and (40) after perturbingwith the parameters
" and/or i will be, most likely, unstable.

Starting from any one of those bifurcated orbits, and by propa-
gating over the total energy, we will � nd new bifurcations that give
place to more periodic orbits with two-fold period. This is a classic
way toward the Hamiltonian chaos. A summary of the situation is
given in Fig. 11, which in its center shows a Poincaré section µ– Pµ
(’ D 0, P’ > 0) obtained for the value " D 1:38906 of the total energy
of the system in the orbital frame, de� ned (see Refs. 11 and 12) as

" D 1
2
. P’2 C Pµ 2 cos2 ’/ C 1

2
[4 ¡ cos2 ’ .1 C 3 cos2 µ/]
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Fig. 12 Periodic orbits of the two families for i = 25 deg and different values of ".

Fig. 13 Moduli of the eigenvalues of the monodromy matrix vs " for the two families shown in Fig. 12.

Several elliptic points associatedwith periodic orbits are marked as
follows: 1, 3, 5, 6a, 6b, 7. On the top, and from left to right, the
� gure shows the periodic solution 1 with the fundamental period
(P1 D 3:647373662059788), 3 with three-fold period, and 5 with
� ve-fold period. On the bottom, and from left to right, the � gure
shows two symmetric periodic solutions 6a and 6b with six-fold
period and the 7 with seven-fold period.

Aside from the periodic orbits, the picture shows very clearly the
stochastic behavior of the system. A more detailed analysis about
the nonlinear dynamics of two satellites connected by a rigid tether
can be found in Ref. 28.

Propagation for the Other Periodic Solutions
Unlike the basic 2¼ -periodic solution considered in preceding

sections,there is anotherfamily of 2¼ -periodicsolutionarisingfrom
the periodic orbit (38) and (40) of the unperturbed problem. As
we already stated, this family of 2¼ -periodic solutions has three
free parameters: ¾ , ", and i . In principle, the stability properties of
this family can be analyzed with the help of the numeric algorithm
propagatinganyone of the free parameters. However, the numerical
analysis carried out shows that for given values of " and i there
are only four basic cases when ¾ spans the interval [0; 2¼ ]. These
four families appear in pairs, and, within each pair, one family of
periodic orbits is approximately the symmetric of the other family,
with respect to the orbital plane. Thus, despite the fact that all of
the four families have been studied, we will only present results for
two of them. The propagation in the parameter " has been carried
out by � xing the value of the inclination i . We show here the results
obtained for i D 25 deg. The qualitativebehavior is quite similar for
other values of i .

Figure 12 shows, when i D 25 deg, the periodic orbits of these
two families for different values of " (" D 0:24, 0.73, 1.08, 1.43,
1.54, 1.65, and 1.73). Note that for small values of " the orbit is
close to a µ oscillation in the orbital plane, but for larger values it is
quite differentbecause the out-of-planemotion becomes important.

Figure 13 shows the moduli of the eigenvaluesof the monodromy
matrix of the periodicsolutionsfor the two families shown in Fig. 12
as functions of ".

There is always an eigenvalue with modulus greater than one.
Therefore,all of the 2¼ -periodicorbitsof both families are unstable.
In fact, they are very unstable because the modulus of the critical
eigenvalue is larger than two except in a short region where " is
small. This result has been previously guessed at when considering
the unstable character of the periodic orbit [Eqs. (38) and (40)]
from which they arise. Now, it has been con� rmed by the numerical
analysis.Both families cannotbe propagatedbeyonda certain value
of ", namely," f . For the family shownin the right-hand-sidepictures
of the Figs. 12 and 13, " f ’ 1:54. For this value " f , the family
merges with the basic periodic solution just analyzed. However, for
the family shown in the left-hand-side pictures " f ’ 1:73. Despite
that, there is no transition from libration to rotation for this value of
"; the propagation beyond this point experiences great dif� culties
associated with the sharp growth of one of the real eigenvalues.

Conclusions
An electrodynamictetherused to generatethrust is most attractive

when operated over long periods of time. However, the long-term
operation of this kind of thruster poses some dynamical problems
that must be solved. Because the electrodynamic forces prevent
the existence of equilibrium position relative to the orbital frame,
any periodic solution of the dynamic governing equations is a good
startingpoint for the operationof the tetheredsystem.Such periodic
orbits play an important role in the operation of electrodynamic
tethers.A detailed analysisof their stability properties, in cases that
are relevant to the operation of electrodynamic tethers working in
circular inclined orbits, has been carried out.

We use the model described in Refs. 11 and 12. By assuming
the tether current constant, only two free parameters appear in the
governingequations: the orbital inclination i and ". The latter gives
the order of magnitude of the electrodynamic forces.
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The asymptotic analysisof Refs. 11 and 12 has been extended,by
tuning a numeric algorithmbasedon the Poincaré method of contin-
uation of periodic orbits. The algorithmallows the propagationof a
family of periodic orbits for different values of any free parameter,
starting from a known, particular periodic solution. Using the nu-
meric algorithm,we carriedout an analysisas in Refs. 11 and 12, but
now for values of " of order unity, that is, the asymptotic condition
" ¿ 1 has been released. We determine the initial conditions lead-
ing to the basic periodic solution studied there, and we compare the
numeric and the asymptotic solutions. The analysis shows that the
asymptotic expressionswork very well even for values of " of order
unity, except in two cases: 1) in the neighborhoodof i D 90 deg and
2) for high valuesof ". High inclinationorbits are not appropriate,at
� rst sight, for the operation of a vertical electrodynamic tether. For
a tether working in the generator mode, for example, the collection
of electrons from the ionospherebecomes more dif� cult becauseof
the fall of the voltage drop emf generated by the Earth magnetic
� eld. However, to elucidate this point it would be necessary to give
a more detailed analysis that considers the variation of the tether
current Im with the voltage drop emf, that is, with the angles µ and
’ (see Ref. 27).

The analysis shows that for a given inclination there is a critical
value "¤ of the electrodynamicforces beyond which the destabiliz-
ing mechanism becomes very powerful because one of the eigen-
values of the monodromy matrix grows very quickly when " > "¤.
We estimated, numerically, the boundary "¤ D f .i/. Approximated
expressionsfor this critical value [see Eqs. (30) and (31)] have been
obtained for small and large values of i , as well. From the point of
view of the operation of an electrodynamic tether, it appears con-
venient to operate the tether away from that threshold during most
of the time. For " < "¤ the instability could be controllable with
the help of dumping or tether current modulation. However, when
" > "¤ the control of the system will be more dif� cult because the
instability is stronger.

Finally, we show that there are more periodic solutions of the
governing equations. At � rst sight they could be used as a starting
point for the operationof the electrodynamictether. The numeric al-
gorithmyields these additionalperiodic solutionsand their stability
properties.Unfortunately,all of them are unstable; in fact, they are
more unstable than the basic periodic solution studied in Refs. 11
and 12 and in this paper. As a consequence,they are not appropriate
for the long-term operation of the electrodynamictether.
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